Introduction
The continuum radiation of deuterium and hydrogen low-pressure arcs is commonly used as a standard calibration source in the UV spectral range. In low-pressure plasmas, hydrogen is often 7.2 present for producing and optimizing thin films. Emission spectroscopy in the visible range is frequently applied as a diagnostic method for the determination of plasma parameters, due to the low cost of the apparatus and its easy handling.
With respect to hydrogen molecules, rotational temperatures, vibrational populations and n H 2 can be derived from the emission of the Fulcher bands around 600 nm (d 3 Π u → a 3 Σ + g ) [1] [2] [3] [4] . The ratio of Balmer lines to Fulcher emission is used for determination of the degree of dissociation [3] . Due to the small masses involved, the Fulcher spectrum is a multiline spectrum and the vibrational bands and rotational lines frequently overlap. In contrast, the continuum radiation between 165 and 400 nm includes all vibrational transitions, has no overlapping lines and is reasonably intense. Calculations of radiation for this wavelength range were carried out in [5] [6] [7] with low energy or wavelength resolution, and only for relative intensities. Precise absolute calculations for H 2 are given in [8] , including higher vibrational levels in a 3 Σ + g . Comparisons with experimental data from electron beam measurements are presented, which concentrate on the emission spectrum from v = 0 in a 3 Σ + g . Recently, comparisons of calculations and measurements in a capillary arc and various microwave plasmas have been reported [7] . The determination of T vib in the ground state from this radiation was based on measurements of the relative intensities at two wavelengths with a high signal-to-noise ratio. However, this method is rather insensitive. In addition, the microwave plasmas contained argon, resulting in an overlapping continuum due to ArH + molecules. The calculations were carried out on a relative scale with a wavelength resolution of 5 nm and interpolation between the points. Measurements were carried out in the range 220-400 nm, without absolute calibration of the system.
In this paper, calculations of transition probabilities, lifetimes and radiation intensities are reported, with high resolutions for the whole wavelength range 120-600 nm on an absolute scale. The continuum was calculated for hydrogen molecules and their isotopes, as described in section 2. In the next section, the experiment and the absolute intensity measurements are presented. Section 4 gives a comparison of measurements and calculations, including a discussion of sensitivity. The results for T vib and T e are compared with the results of the analysis of the Fulcher band emission and He line emission, respectively, for H 2 and D 2 . We conclude with calculations for other molecular hydrogen isotopes (T 2 , HD, DT).
Calculation of the continuum radiation
The spectral photon emission coefficient of the bound-free transition
n va is the population of the vibrational level v a in a 3 Σ + g , and A va,λ (λ) is the spectral transition probability from v a . The latter is given by the molecule under consideration, the wave functions and eigenvalues can be calculated. The numerical procedures used will be discussed below. The potential curves (figure 1) were taken from the literature: those for X 1 Σ + g and b 3 Σ + u are from [9] , and the curve for a 3 Σ + g is from [10] . They were calculated using the Born-Oppenheimer approximation, which may not be very well fulfilled for hydrogen molecules because of their small mass. The electronic transition dipole moment D el (r) was obtained by cubic spline interpolation between the data points from [8] , and by using the fit formula given there for r > 13a 0 . D el (r) is also plotted in figure 1. Note the variation in the relevant r range. The assumption of a constant D el would not be justified.
Low-density plasmas are always far from thermodynamic equilibrium and a Boltzmann population of excited levels is not given. For the calculation of the populations n va in the excited state, the corona model was used. Here, excitation from vibrational levels in the ground state 
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A va denotes the transition probability integrated over all wavelengths:
n v X is the particle density in the vibrational state v X in X 1 Σ + g , n e the electron density, and T e the electron temperature. For the transition
, the cross-section for hydrogen from v X = 0 to the sum of all vibrational levels in a 3 Σ + g can be found in [11] [12] [13] , based on theoretical work. Measured data are scarce, however, three points at the higher energies 30, 50 and 70 eV are given in [14] , which are in good agreement with the theoretical values. Discrepancies exist in the energy range below 30 eV, where [12] gives values which are a factor of two lower at the maximum of the cross-section than the data from other groups. An overview can be found in [15] . For this work, the cross-sections from [11] were chosen, because they represent the latest data with most data points, especially near the threshold energy. This becomes important for the lowtemperature plasmas investigated here. For deuterium, the hydrogen cross-sections were applied. The excitation rate coefficient X 0 (T e ) from v X = 0 to the sum of all vibrational states in a 3 Σ + g was then calculated by integrating these cross-sections over a Maxwellian distribution function for the electron energies. The vibrationally resolved excitation rate coefficients X v X →va (T e ) were derived from X 0 (T e ) using the Franck-Condon principle for excitation: 
For H 2 , the Franck-Condon factors from v a = 0-9 to v X = 0 are listed in [14] and from v a = 0-6 to v X = 0-6 in [7] . Because of a lack of data for higher vibrational levels and for the hydrogen isotopes, the complete set of Franck-Condon factors was recalculated for v a = 0-14 to v X = 0-9 using:
Here, ψ va (r) denotes the vibrational wave function for v a , and ψ v X (r) is the vibrational wave function for v X . The results for H 2 and D 2 are listed in tables 1 and 2, and the agreement for H 2 with the literature quoted above is very good. The vibrational wave functions were obtained by solving the one-dimensional Schrödinger equation with the Taylor method of order three, starting with an arbitrary value for ψ(0) and dψ dr (0) = 0 at r = 0 and a step size of 0.0001 Å for 0 < r < 10 Å.
To find the eigenvalues, an iteration procedure was used, based on counting the number of zeros in the wave function for a given energy E. If E is below E i (the energy of the eigenvalue of the vibrational level i in the examined state), then the number of zeros is lower than or equal to i. If E is above E i , the number of zeros is greater than i. By starting with a given step size for the energy and going through several iterations, each time reducing the step size, the eigenvalues can be determined with arbitrary precision. For this work, the precision used was 0.001 cm −1 . The methods presented here for calculating wave functions, eigenvalues, Franck-Condon factors and transition probabilities is generally applicable to all transitions in diatomic molecules. state, calculated using the method presented here, are given in table 3 for 15 vibrational levels. For the first four levels, the lifetimes for hydrogen are smaller than for deuterium, decreasing with increasing quantum number in very good agreement with [5] . The small deviations are due to different potential curves used in the calculations. In addition, the results from [7] and [8] are included in table 3. The agreement between the data presented here and the data from [8] is excellent for all vibrational levels. The deviations of [7] for higher vibrational levels are due to the fact that the A va,λ values there were calculated only for λ > 160 nm. Therefore an extrapolation for v a = 3-6 was necessary. The results presented here should be more accurate, , a thermal population with a vibrational temperature T vib was adopted. The spectrum is sensitive to the population of the four lowest vibrational levels in X 1 Σ + g , and an assignment of a vibrational temperature can be made. For hydrogen, the spectral photon emission coefficients for 0 < T vib < 9000 K and T e = 3 eV are shown in figure 2 + g until they approach a Boltzmannlike distribution. This can be seen in figure 3 for both isotopes. In the appropriate range, the vibrational temperature in the upper state can be correlated with a vibrational temperature in the ground state. For T vib (X) = 6000 K the resulting T vib (a) is about 9000 K for H 2 and D 2 . Spectral photon emission rate coefficients I λ /n H 2 n e of H 2 for T e = 3 eV and ground state vibrational temperatures of 0 < T vib < 9000 K (lefthand scale) are shown together with the spectral transition probabilities A va,λ (λ) for the lowest three vibrational levels in a 3 Σ + g (right-hand scale). Tables of the A va,λ (λ) for all isotopes of the hydrogen molecule are available in ASCII format-click here.
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Experiment
Low-pressure ECR (electron cyclotron resonance heated) plasmas were investigated at 2.45 GHz frequency, 100 W input power and a resonant magnetic field strength of 0.0875 T. The field was produced by two rows of permanent magnets of 1 T each at the surface. The magnets were located outside the vacuum vessel in the base plate, resulting in a region of resonance approximately 1 cm above the plate. Here, the plasmas are preferentially heated, and diffuse into the vessel volume (detailed information in [17] ). The pressure range was 2-20 Pa, measured with a BARATRON pressure gauge.
For analysis of the plasma radiation, two spectrometers were used, which were located on opposite sides of the vessel and aligned on the same line-of-sight. The visible range was investigated by a 1 m SPEX spectrometer with a 2D CCD camera. For the UV/VUV range, a differentially pumped 1 m McPherson spectrometer with a 'solar blind' photomultiplier was mounted. Both spectrometers had a spectral resolution of about 55 pm and were calibrated by means of a tungsten ribbon lamp (OSRAM WI17/G) and a deuterium lamp (LOT Oriel type G.03). The tungsten ribbon lamp provided absolute calibration in the wavelength range 350-900 nm, which was extended to shorter wavelengths (λ min = 250 nm) by means of the deuterium lamp with an overlap from 300 to 400 nm. The relative UV/VUV system response was determined by means of the deuterium lamp in the range 190-300 nm. For this purpose, the lamp was mounted in the vacuum vessel, thus avoiding oxygen absorption bands. The absolute sensitivity was obtained by cross-calibration using helium lines at λ = 294.51, 282.91, 276.38 and 272.32 nm in helium plasmas, which could be measured by both spectrometers. Using the branching ratio method for the Lyman-Birge-Hopfield system of N 2 plasmas [18] , the calibration could be extended to shorter wavelengths. The accuracy of the calibration in the continuum range is expected to be better than 10%. A quartz plate was put into the optical path to eliminate the second-order Lyman and Werner bands in the range of the continuum radiation.
For the investigations described, hydrogen-helium and deuterium-helium plasmas were generated in various mixtures and at different pressures. All the plasmas were well characterized [4, 17] by various diagnostic methods. From microwave interferometry, a value of 9 × 10 16 m −3 was derived for the electron density. Depending on pressure, the ionization degree was ≈ 10 −4 . Initially, the electron energy distribution function was assumed to be Maxwellian, an approximation which will be examined later in this paper. The gas temperatures, derived from the rotational temperatures of N 2 bands, were 450 K, typical for these types of plasma. For these measurements, a small amount of nitrogen was added. Rotational temperatures of hydrogen molecular bands are not well correlated with the gas temperature.
For a comparison of T vib results, the diagonal Fulcher band emission from 590-650 nm (v d , v a = 0-3) was recorded simultaneously with the continuum radiation. Vibrational populations in the ground state, characterized by T vib and derived from the Fulcher radiation, were found to range from 3200 K to 6800 K for H 2 , and from 2600 K to 4000 K for D 2 , depending on molecular density, pressure and electron temperature [4] .
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Electron temperatures of the investigated plasmas were determined from absolute measurements of the helium 728 nm line. The actual T e values are of lesser significance, but they constitute the link to interpreting the absolute intensities of the hydrogen molecular continua and their underlying excitation rate coefficients. In short, the rate coefficients are just being compared with the helium excitation function. The quality of the helium data is therefore of high importance. The emission rate coefficients for the He 728 nm line were originally taken from Fujimoto's collisional radiative model [19] , which takes into account the population of metastable states and the optical thickness of resonance lines. Both have been adjusted to the experimental data of the ECR plasmas [17] . However, He excitation cross-sections have recently been reviewed and corrected by highly accurate theoretical calculations [20] . Subsequently, Fujimoto has adopted these improvements into his program [21] . As a consequence, the excitation function for the particular transition used here, increased greatly: by a factor of four. This is mainly due to the increase of the direct excitation rate coefficient which is different by a factor of ten. In comparison to earlier analyses, measured temperatures are now lower, i.e. 2-4.5 eV depending on gas mixture and pressure. Even more important is the fact that a much better consistency of different spectroscopic criteria is now being observed and that many peculiar discrepancies found in the past are now explained.
Results and discussion
The ground state vibrational population, T vib , was varied in the calculations until the best approximation to the shape of the measured continuum radiation was obtained. Wavelengths higher than 210 nm were given more weight. Figure 4 shows an example for measured and calculated spectra in plasmas with 8.8% H 2 or 10% D 2 in He at p = 4 Pa. Using T vib = 5500 K for H 2 and T vib = 4000 K for D 2 , the agreement is very good in the wavelength range 210-300 nm. The sensitivity is estimated to be 500 K for lower T vib increasing to 1000 K for higher T vib . For the ground state, the population up to v X = 9 was considered, and for the excited state, the population up to v a = 14, with the assumption of corona equilibrium. It turns out that the population of the upper state is dominated by the population of the first four levels of the ground state. Therefore, a temperature can be assigned to these levels and the influence of higher levels could actually be neglected. The deviation in shape at lower wavelengths is about 15% of the radiation and may have various causes: the radiation of the Lyman bands is ten times higher than the continuum radiation, the maximum being at 162 nm. In addition, the Lyman band continuum caused by transition of the v B = 9 level of the B 1 Σ + u state into the dissociation limit, is centred at 157.5 nm and 162.5 nm [22] . Both contribute to the radiation near 170 nm. Therefore, the measurements show an increase instead of a decrease. In this wavelength region, calibration or measurements may also be affected by water or oxygen absorption in the system. Lower radiation than predicted by the calculations is particularly noticeable at 200 nm for hydrogen plasmas. An analysis on the basis of single upper state vibrational levels demonstrates that this peak is correlated with radiation from v a = 2.
According to the Franck-Condon factors, the v a = 2 level of the a 3 Σ + g state should be substantially populated, as can been seen in figure 3 . On the other hand, a reduction of only 15% in the number of v a = 2 leads to spectra almost identical to the measured ones (green curve in figure 4) , which demonstrates the sensitivity of the method. A possible reason for the observed discrepancy may therefore be sought in additional de-excitation paths for v a = 2, like heavy particle collisions. In particular, collisions with molecules in the metastable c figure 5 for p = 4 Pa. Because of the insensitivity of the method for temperatures below 1000 K, a temperature of 500 K has been assigned to these results. Depending on the concentration of molecules in helium plasmas, the population first decreases and then increases. There are many possible reasons for this behaviour, and two counteracting effects will be discussed here: with increasing molecule percentage, the depopulating heavy particle collisions (e.g.
On the other hand, wall collisions, which are also depopulating, decrease. A small effect of lesser importance is the variation of electron temperature, decreasing from 4 to 3 eV and leading to a smaller population by electron collisions. With respect to the isotopes, D 2 has a lower vibrational temperature, which actually reflects the same level population as in H 2 due to the smaller energy differences. For example, T vib = 4000 K for H 2 is equivalent with T vib = 2900 K for D 2 , both having a relative population of 0.22 for v = 1 and 0.05 for v = 2 compared with the v = 0 level. These tendencies have also been obtained from measurements of the Fulcher band radiation and are discussed in more detail in [4] . The Fulcher band results for the 10% and 90% mixture in helium are included in figure 5 . In this case, the accuracy of the method is 50 K at 1000 K and 250 K at 7000 K. The two methods are in good agreement, demonstrating the applicability of the continuum radiation as a diagnostic tool for vibrational population.
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Figure 5. Vibrational temperatures depending on the concentration of hydrogen or deuterium in helium at 4 Pa, derived from the continuum spectra. Below 1000 K the method is insensitive and 500 K were assigned. For two concentrations, the results from Fulcher emissivity are included.
For determining the electron temperature from the continuum radiation, the measured absolute radiation was correlated with calculations using T e as parameter and applying the adjusted T vib . Integration of the fitted calculations over the whole wavelength range gives the total radiation of the transition. It turns out that, over the whole parameter range, nearly 50% of the radiation is either below 190 nm (30%) or above 300 nm (20%). These numbers are valid within 5% for both hydrogen and deuterium and can be applied generally for the determination of the total radiation, if only the part between 190-300 nm was measured. Using equations (1) and (3), T e was evaluated by the emission rate coefficients for this transition. As mentioned before, the electron density was obtained from microwave interferometry and the molecular hydrogen density was obtained from Dalton's law. In the case of hydrogen, the demixing of the gases due to mass-dependent pumping was taken into account. The results for hydrogen and deuterium mixtures in helium are shown in figure 6 .
Electron temperatures from the He line at 728 nm are also included in figure 6 , which are in good agreement with the continuum results. The electron temperatures decrease with increasing number of molecules, being very similar in H 2 and D 2 plasmas. For the investigated plasmas, the spectroscopic method of determining the electron energy distribution function in the relevant energy range by adding small amounts of argon [23] was applied. In plasmas at 4 Pa, the He line and the Ar line at 696 nm give the same temperatures, which is an indication that the electron distribution function is Maxwellian. For higher pressures, the temperature derived from the Ar line is higher than the temperature from the He line, and the electron energies can be described by a distribution function which is between Maxwellian and Druyvensteyn shape. The good agreement in the electron temperatures derived from the continuum and the He line in the case of a Maxwellian distribution function demonstrates the applicability of the cross-section from [11] in low-pressure plasmas. The lower cross-sections from [12] or [13] would result in higher T e by 0.2 eV, which is outside the error range of the method.
Conclusions
A general procedure for calculating free and bound wave functions of diatomic molecules was implemented and applied to hydrogen and its isotopes. It yields Franck-Condon factors, transition probabilities and lifetimes, if the potential curves, the reduced masses and the electronic dipole transition moments are known. For a bound-bound (a 3 Σ
) and a bound-free transition (a 3 Σ
, a complete set of data with high accuracy for H 2 , D 2 , T 2 , HD and DT has been presented. The continuum radiation of hydrogen and deuterium molecules in the wavelength range 190-300 nm was calculated on the basis of the electron excitation rate coefficient as a function of T e , taking into account vibrational population in the ground state.
This allows comparison with measurements from plasma experiments on an absolute scale. The shape of the continuum is dominated by T vib , whereas the absolute value results from T e . The results show a variation in T vib and T e with concentration of hydrogen molecules, and the influence of the isotopes is apparent. The sensitivity to T vib is sufficient. There is a good agreement with results from other spectroscopic techniques, thus establishing a diagnostic tool for T vib and T e in H 2 and D 2 . The calculation of the spectra can easily be applied to other isotopes, because the program is only based on potential curves and reduced masses. An example of the variation of the spectra for isotopes is shown in figure 7 . This may be of interest in the boundary layer of fusion experiments, where T e is small and molecules can exist. Here, the three isotopes exist together with the heteronuclear molecules HD or DT. HD radiation can be studied in laboratory experiments, whereas DT has to be taken from theory. Another field of application may be the prediction or control of the radiation of D 2 and H 2 lamps often used as calibration sources in the UV range. The measurements and calculations introduced represent a basis for further understanding of the molecular radiation and pertinent atomic processes.
